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PernbativeProjection Vector Theory
Recap

- =
Alt) 3 Homogeneous

(t)=0) To
STM

i = Alt)i +
b(t)

-tin (t) = ECt, o+Jet, bisady Inhomogeneous

If A (t
++) = Act),

-t
3STM #It ,

3)= emp(Milt-s))
UiCt)Wi(s)loglet
-

where
Biorthogonality conditions

!~(t)uj(s) = Sij

③-① gives

n(t) = expitO0)
Since
sto

③- gives

in(t)= (t)+ emp(Milt-s)) ict)T()b)d

= n(t)+ Lemp(Mict-s)(s) bis)ds.



Oscillator Dynamicsquet theory
-

> it = f(x)
- General dynamical System (MMsample)

EIR" a f : IR"-IR"

> Let(t) be a limitcycle solution
CMMICORD

=> (t) = f(x, (t)

= Al
↳ not a fu of 2 since

= its E = its .
So it is only-Alt is also periodic since=Es is ist-periodic a fu . of time.

=> is it) satisfies The Homogeneous
ODE

velocity
ie(t) = A(t) j(t) 3 Homogeneousof the Has a STM It, 5)

limit cyclee.
-
-Usisasd. N

Alt) periodic
=> Us(t) = [expit)TiCtVTOI0) from Eloquet
-

=Mits(o) 10)]it nectors.-
Scalar

"Forsome value of i , say
i = 1 WLOG, we

see that

(t)= It) satisfies
the above ean

[10,
(d) = 0 it 1 & M ,

= 0 = (ms = Ris]
=> X , = erp(M ,

T) = 1



Emma : If x ,
= 1 &Xi K1 i = 2,3 ...,n ;

Then Us(t) is a limit cycle
soln . of n= +(2)

Since Us It) is a
limit cycle & X

,
= 1
,
we assume

#i = f(x) &

it = f(x)+ B(i)b(t)

b(t) : R-IRP3At time t, p different
noise sources

produce a PX1 noise vector.

-> the response of the

B(a) : 1"-R
***

3 At location,
"State" is broken up intoa restorsa

due to the p different
noise

p

B(z) bIt) 3 [~Note that this it
-//) :

is not an impulse,

is an arbitrary"small" perturbation.



->

Zema: - b , (x,t) = B(i)
blt) that only produces

a phase shift
in Tslt) .

In other words,

i = f(u) +b, (it)
is solved by

p(t)= (t+)unphasedeviation .

Proof: Lets (t +<(t)))= f(us(t
+x(t)

Ot + B, (i(t
+a(t))

,
t)

=> (t +a(t) (1 + <(t) = f(is(t
+a(t))

+T
,
(2(t+ x(t)) ,t)

->

Choose b
,

(x
,
t) = C ,
(i ,x(t), t)u ,

(t+2(t))att +a(t)

i

. e. we choose
B
,
to be tengertial to

the limit Cycle,
with

a Scaling factor G .

= i(t+ (t) (+<(t)
=

=
um G

,
(2(t +x(t)), ((t),t)u ,

(t +x(t)

u , (t +<(t) Since U ,F&

-ls(t+ <(t)) ,<(t),+) = < (t) /[ 3



Intuition ins(t +x(t)) = u, (t + ((t)

-

⑧
KeyInsightsA perturbation

to the system changes
the

Velocity I not
the instantaneous

state of the system
.

② it, ver determines the phase deviation
.

③,CHC are all related.

&X, t) is
the perturbation

that "pushes" or "Bulls"
the

-

state along the
limit Cycle .

THE STATE
NEVER

LEAVES THE LIMIT
CYCLE When

J
,
is applied.

What is G
& hence &It ?

-

> In general
B()Blt) produces phase deviations

&

orbital deviations
.

< Let b(x ,t)
=
B(i)5It) - 5 ,

(t) be the

"vest" of the
perturbation .



> Since , It) forms a basis for ", we can

expand B() (t) in it
as

Blu)5lt)= CiCd,t)
UitAt

-

From Bio-thogonality, Ci
is given by

<VIT, BLACK

e
b(x .t)= Ci(x ,act),

t)Cittal

Note that it
is nonlinear .

Also , [(t)= T
-

=(t))(0) =0perturbation

->

Thm : Blu ,
t) produces amplitude

deviations that

bounded . In
other words,

n, (t +
<(t)) + z(t)

are

solves i = f(x)
+ b , (x ,

t) +b(x,t) = f(x)
+ B(E)-(t)

Where ECt)->0 as +0
if b(t)

=0 after
t=tc.

&roof: [stat)
+Ets] = f(t

+t) +E

+ b , (ns +E) +
5(πj+z)



flus +) = f(us) +( when E is small .

= /+2) += = iy + A(t)z+
+ b

= = AE + Blust) - INDE

same Same
STM

*= expui(ep(Mi(t-S)D

But B=Cli Summation only fires
for=

=EH)=Ultemp(Mict-s) (s)
bls

,
t)d

↓sinceisa

=WiltTemp(i(t-)v B(,)
b

Since (emp(MiT)) < / for i -,
2
,

ECt) is within a

constant factor of
bit) a hence

bounded !

E



Impulse Perturbations

(u)5(t)=
5S() where J E RR"

55() = b
,
8(t) +bf(t)

=
C
,
U , (0)f(t)

+ 58(t)

= C(us(t, (t),
t) =

C
,
S

= < (t) = [it 3 Similar

Also, 2s(t
+ act)) =

Us(t + c) solve

i = f(z)
+ b ,
d(t) = f(m)

+ C ,
u

,
(0)8(t)

= f(u) + c ,
jg(0)d(t) .

ac =
215= v(05)

↳ Similar to
ISF

deviation
From Thm , I does not produce any forSCI)
aster,

= asymptotic phase
is givenby ,



Esochrones
Set of perturbations
that do not⑮=contribute to

stoticthe asyry
phase ofthe
oscillator.


